The two-dimensional problems of scattering and radiation of small-amplitude water waves by thin vertical porous plates in finite water depth are considered using the linear water wave theory. Applying the method of eigenfunction expansion, these boundary value problems are converted to certain dual series relations. Solutions to these relations are then obtained by a suitable application of the least squares method. For the scattering problem, four different basic configurations of the barriers are investigated, namely, ͑I͒ a surface-piercing barrier, ͑II͒ a bottom-standing barrier, ͑III͒ a totally submerged barrier, and ͑IV͒ a barrier with a gap. The performance of these types of barriers as a breakwater are examined by studying the variation of their reflection and transmission coefficients, hydrodynamic forces and moments for different values of the porous effect parameter defined by Chwang ͓J. Fluid Mech. 132, 395-406 ͑1983͔͒, or the Chwang parameter. For the radiation problem, three types of wavemakers, which resemble types ͑I͒, ͑II͒, and ͑III͒ of the above-mentioned configuration, are analyzed. The dependence of the amplitude to stroke ratio on other parameters is also investigated to study the features of these wavemakers.
I. INTRODUCTION
The problems of scattering and radiation of water waves by vertical barriers have drawn the attention of many researchers since the early works of Ursell.
1,2 Solutions of these problems are important in engineering applications such as breakwaters and wavemakers. In principle, twodimensional problems involving thin vertical barriers in deep water can be solved analytically in closed form with the reflection and transmission coefficients being expressed in terms of known functions or definite integrals. Because of the complexity of the problems, few explicit solutions have been derived. Numerical or semianalytical methods, such as the boundary integral equation method, the variational method, matched eigenfunction expansions and the Galerkin approximation, have to be used to obtain approximate solutions for problems of finite water depth.
For scattering problems, Dean 3 used the complex variable technique to solve the submerged barrier problem. Ursell 1 utilized an integral equation procedure based on Havelock's expansion of the wave potential to obtain the solution. Williams 4 exercised a simple reduction method to obtain the transmission and reflection coefficients without going into details of obtaining the velocity potentials. Evans 5 applied the complex variable method to study the wave scattering problem of a completely submerged finite vertical plate in deep water. Tuck 6 employed the method of matched asymptotic expansions to obtain an approximate transmission coefficient for a vertical wall with a gap. Porter 7 by making use of the complex variable method as well as Green's integral theorem solved the problem of wave transmission through a gap in a vertical barrier in deep water.
Meanwhile, many researchers have engaged in generalizing and developing various methods from time to time to solve these problems in deep water, for example, Stoker, 8 Levine and Rodemich, 9 Lewin, 10 and Mei.
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It is generally recognized that these problems in finite water depth do not have explicit solutions and thus numerical or semianalytical methods have been used for their solutions. A considerable number of works have been done by these methods such as Liu and Abbaspour, 12 Losada et al., 13 Abul-Azm, 14 and Porter and Evans. 15 For radiation problems, Ursell 2 used the Havelock wavemaker theory to obtain an explicit solution for the wave radiation due to the small oscillation of a partially submerged vertical plate in water of infinite depth. Later, Evans 16 solved both scattering and radiation problems for a completely submerged thin vertical plate in infinitely deep water.
Explicit solutions to these problems in finite water depth are extremely difficult to obtain. Evans and Linton 17 used matched eigenfunction expansions to obtain the hydrodynamic characteristics of a submerged thin plate hinged about its point of attachment to the bottom of a constant depth fluid. Evans and Porter 18 showed how to use a Galerkin approximation and a judicious choice of expansion functions to solve the radiation problem of a thin rolling plate in water of finite depth.
All the works mentioned above are involved with impermeable barriers. When a barrier is permeable, the problem has not received much attention in the literature. Using Green's integral theorem, Macaskill 19 studied the wave scattering problem of a permeable thin barrier by converting it to integrodifferential equations. The equations were discretized and solved numerically for barriers consisting of disconnected arcs. However, no full solution was given for a barrier a͒ Telephone: ͑852͒ 2859-2634; Fax: ͑852͒ 2858-5415; electronic mail: atchwang@hkucc.hku.hk with uniform fine-pores. Chwang 20 developed a porous wavemaker theory to study the generation of water waves by the harmonic oscillation of a thin porous plate, extended from the free surface to the channel bottom, in water of finite depth. Recently, Chwang and Chan 21 gave a general review on the interaction between porous media and wave motion.
The objective of the present paper is to study the scattering and radiation of water waves by vertical permeable barriers in water of finite depth. The mathematical formulation for both scattering and radiation problems is presented in Sec. II. Numerical results on the transmission and reflection coefficients as well as the hydrodynamic forces and moments for various types of permeable barriers are given in Sec. III. Discussion on results and the effects of important parameters are also presented in Sec. III. Finally, conclusions are given in Sec. IV.
II. MATHEMATICAL FORMULATION

A. Scattering problems
Cartesian coordinates, as shown in Fig. 1 , are chosen with the mean-free surface at yϭh. The fluid, which occupies 0ϽyϽh and ϪϱϽxϽϱ, is divided into two regions: a negative region, xϽ0, with velocity potential ⌽ Ϫ and a positive region, xϾ0, with velocity potential ⌽ ϩ . The porous barriers are located at ͑a͒ Type I: xϭ0, (hϪa)ϽyϽh ͑a surface-piercing barrier͒; ͑b͒ Type II: xϭ0, 0ϽyϽ(hϪa) ͑a bottom-standing barrier͒; ͑c͒ Type III: xϭ0, (hϪaϪd)ϽyϽ(hϪa) ͑a totally submerged barrier͒; ͑d͒ Type IV: xϭ0, 0ϽyϽ(hϪaϪd), (hϪa)ϽyϽh ͑a barrier with a gap͒.
In the following discussion, the barrier itself is denoted by L b , and the gap is denoted by L g , so that L b ഫL g is ͓0,h͔. The fluid is inviscid and incompressible, and the flow is irrotational. Under the assumption of the linear wave theory, the wave field is represented by a velocity potential ⌽(x,y,t) which satisfies the Laplace equation,
Because of the periodicity in time, the velocity potential ⌽ can be expressed as ⌽͑x,y,t ͒ϭ͑ x,y ͒e
Ϫit
͑2͒
in which is the angular frequency.
The linearized boundary conditions for the spatial velocity potential (x,y) in the regions can be expressed as 
͑1͒
The normal velocity on the porous barrier surface is related to the normal velocity of the flow inside it by
͑5͒ At infinity, on both sides of the barrier, x→Ϯϱ, the scattered wave must be outgoing.
A train of regular, small-amplitude progressive waves of height H I and frequency propagates towards the barrier from the negative side. The incident waves are partially reflected with wave height H R at xϭ0 and partially transmitted with wave height H T . The velocity potential of the incident waves is given by
where k 0 is the wave number and is related to the angular frequency through the dispersion relation 2 ϭgk 0 tanh k 0 h. ͑9a͒
An appropriate solution for the potentials, which satisfies ͑1͒-͑4͒, can be written as
where 0 ϭϪik 0 and n ϭk n for nϾ0 and k n are the positive real roots of the dispersion relation 2 ϭϪgk n tan k n h. ͑9b͒
The first term of ͑10a͒ represents the incident wave, and the summation terms represent the scattered waves. The coefficients A n and B n are unknown complex numbers to be determined. It should be noted that cos n y(nϭ1,2,...) forms a complete orthogonal set with
where ␦ nm is the Kronecker delta and
By using the condition that the horizontal velocity, ‫,)‪x‬ץ/ץ(‬ is continuous along xϭ0 and making use of the fact that the cos n y functions are orthogonal, it can be shown that A 0 ϩB 0 ϭ1 and A n ϩB n ϭ0. ͑12͒
Substituting ͑10͒ and ͑12͒ into ͑7͒, we have
By Eqs. ͑6c͒, ͑10͒, and ͑12͒,
where G 0 ϭ(b/k 0 ) is the porous effect parameter defined by Chwang, 20 or the Chwang parameter. The continuity of pressure along the gap now gives
A dual series relation ͑Sneddon
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͒ can be constructed by rewriting ͑13͒ and ͑14͒ as
The solution of this dual series relation can be obtained approximately by the least squares method, which requires to minimize the value of the integral,
with respect to A n . In Eq. ͑16͒ the functions S N (y) and f (y) are given by
Therefore,
where the superscript * denotes the complex conjugate. An approximate solution can be obtained by truncating the infinite series to a finite series of N terms. There are N simultaneous equations with N unknowns. A complex matrix equation of rank N can be obtained, which can then be solved to obtain the values of A n .
B. Radiation problems
As shown in Fig. 2 , a vertical porous plate is forced to oscillate horizontally with an angular frequency and a small displacement s 0 about the xϭ0 axis. This oscillating porous plate generates outgoing water waves. Cartesian coordinates are chosen with the mean free surface at yϭh. The studying domain, which occupies 0ϽyϽh and ϪϱϽx Ͻϱ, is divided into two regions; a left-hand region, xϽ0, with velocity potential ⌽ Ϫ , and a right-hand region, xϾ0, with velocity potential ⌽ ϩ . The plates occupy the following positions, respectively, ͑a͒ Type I: xϭ0 and (hϪa)ϽyϽh ͑a surface piercing wavemaker͒; ͑b͒ Type II: xϭ0 and 0ϽyϽ(hϪa) ͑a bottom-standing wavemaker͒; ͑c͒ Type III: xϭ0 and (hϪaϪd)ϽyϽ(hϪa) ͑a totally submerged wavemaker͒.
The wavemaker, which has a horizontal velocity U 0 (y,t)ϭϪis 0 e Ϫit , generates outgoing waves on both sides. Boundary conditions ͑3͒-͑6͒ are still valid. However, Eq. ͑7͒ should be replaced by
͑19͒
At infinity, x→Ϯϱ, the radiation wave must be outgoing, and the spatial velocity potentials of the generated waves can be given by
The general solutions for the velocity potentials in the two regions satisfying the continuity of normal velocity, ‫,‪x‬ץ/ץ‬ along xϭ0 are
Ϫk n x , ͑21a͒
where k 0 and k n satisfy the dispersion relations 2 ϭgk 0 tanh k 0 hϭϪgk n tan k n h. ͑9͒
The pressure in both regions must match at the gap. Hence by ͑5b͒,
By Eqs. ͑6c͒, ͑19͒, and ͑21͒, we have
Equations ͑22͒ and ͑23͒ are known as dual series relations. In order to determine the values of the coefficients, the relations must be solved simultaneously. The least squares method is used to minimize the following integral with respect to the unknown coefficients: 
where S N is given by ͑17a͒ and
The results are
where the superscript * denotes the complex conjugate.
There are N simultaneous equations with N unknowns, a complex matrix equation with dimension NϫN can be obtained, which can then be solved to obtain the values of A n ͑Losada et al.
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͒. It can be noticed that the general form of the resultant dual series relations, ͑22͒ and ͑23͒, is similar to those given in Sec. II A. In fact, the results of the wave scattering problem can also be obtained by considering a special forcing function with the horizontal velocity distribution on the barrier opposite to that of the incident waves. This concept enlightens us on considering the problem of an active breakwater or active wave control. Although in this paper only the scattering and radiation problems of porous barriers are considered, the results revealing the performance of these three types of barriers are still useful to the preliminary understanding of the mechanisms involved in active wave control problems.
III. RESULTS AND DISCUSSION
The method of solution described above has been applied to solve certain typical cases of scattering and radiation problems. It seems appropriate and worthwhile at this point to mention that the method of least squares approximation for dual trigonometric series was first developed by Kelman and Koper 24 to obtain solutions for general dual trigonometric equations. The convergence of the dual orthogonal series in Hilbert space was later established by Feinerman and Kelman. 25 This provides the theoretical background to apply the method to the present problem. Moreover, since the theory is applicable to all square integrable functions, the method can automatically deal with the square-root singularity at the tip of the thin barrier. The problem of convergence has been carefully taken into account by examining certain test cases. Based on the test results, the convergence of the solution depends on the geometry and configuration of the barrier. By considering the accuracy and computational time consumption, appropriate value of N has been chosen for each particular case considered in the present paper.
The performance of the four types of porous barriers used as breakwaters is discussed by considering the variation of their transmission and reflection coefficients. The transmission coefficient T is defined as the ratio of the maximum wave height of the transmitted waves to that of the incident wave ͑see Fig. 1͒ ,
whereas the reflection coefficient is defined as the ratio of the maximum wave height of the reflected waves to that of the incident wave, 
Rϭ H R H I . ͑28͒
The characteristics of the three types of wavemakers are also examined by calculating their amplitude to stoke ratios.
A. Scattering problems Figure 3 is a graph for the case of dimensionless water depth h/ϭ0.44, which in fact corresponds to a deep water case. It can be seen that, when a/hϭ0, all the T-curves ͑curves for the transmission coefficients͒ start from 1 while all the R-curves ͑curves for the reflection coefficients͒ start from 0. That means when there is no barrier, all the incident waves are transmitted to the other side and there is no reflection. When a/h is increased, the T-curves drop rapidly and R-curves rise accordingly. This observation agrees well with Ursell's 1 result, which states that for deep water waves most of the energy is confined near the free surface, so the transmitted wave energy decreases drastically when the parameter, 2a/, is greater than one. When a/hϭ1, that means the barrier is fully extended to the channel's bottom, the incident waves are totally or partially reflected depending on the values of the Chwang parameter G 0 . Figure 5 shows the variation of T and R vs G 0 for these fully extended barriers, actually this result is the same as those given by Chwang and Dong. 26 In general, the higher the values of G 0 , the lower the values of the end point of R-curves, which implies more waves can be transmitted through the porous barrier to the other side for higher porosity factor. The general shape of the R-curves for different values of G 0 are of similar nature, but seems to be compressed downwards. This result can be comprehended with the physical intuition that when G 0 increases, the permeability is increased, which will allow more fluid and energy to pass through the barrier; and thus the reflection coefficients decrease.
A surface-piercing barrier
In Fig. 4 , the dimensionless water depth h/ is decreased to 0.12, which corresponds to a shallow water case. It can be seen that the general shapes of the curves are different from those of the previous case. The result reveals that the barrier needs to be immersed more deeply into the water in order to obtain the same reflection coefficient. This is because the wave energy is more evenly distributed over the channel. In general, the effect of a porous barrier is to reduce the reflection coefficient and to cause the R-curves to move downwards.
It should be noted that when G 0 ϭ0, there is no energy loss in the barrier. Therefore, by conservation of energy, R 2 ϩT 2 ϭ1. However, when G 0 Ͼ0, some of the wave energy, depending on the value of the porosity ͑see Fig. 5͒ , would be dissipated by the barrier, that means R 2 ϩT 2 Ͻ1. On the other hand, when the porosity of a barrier is increased, the permeability of the barrier is increased correspondingly. As the flow passing through the barrier increases, more wave energy can be transmitted through the barrier to the other side and thus causing the reflection coefficient R to decrease. As a result, it is possible for two T-curves with different values of G 0 to intersect each other, while the corresponding R-curves do not intersect each other.
In fact, there are other important design-factors in regard to breakwaters. They are given as follows:
where F s is the force per unit width for the full reflection case.
͑2͒ The dimensionless overturning moment
where M s is the moment per unit width for the full reflection case. ͑3͒ The phase angle of the transmitted and reflected waves, t and r .
Figures 6-9 show the variation of the parameters, T and R, F/F s , M /M s , t and r , vs the dimensionless water depth kh for different values of G 0 . It can be observed that these parameters rise or change quickly when kh is increased from 0 to 2. This observation agrees with the physical intuition that a surface-piercing barrier is not so good to obstruct long waves. Long waves can pass through the barrier without too much reflection. However, when kh is large, which means that the water depth is large relative to the wavelength, most of the incoming waves are reflected by the surface-piercing barrier. Therefore, all the parameters change rapidly from khϭ0 to khϭ2. The porous effect in general is to reduce the values of different parameters. 
A bottom-standing barrier
Figures 10-13 show the variations of the different parameters vs the dimensionless water depth, kh, for the specific case of a bottom-standing barrier when a/hϭ0.25. It is interesting to note from Fig. 10 that the R-curves increase in the earlier stage, but when they reach certain maximum turning points they begin to decrease. This observation can be explained by the following argument. When the value of kh is very small, it means that the wavelength of the incoming waves is very long. These long waves are almost totally transmitted. When kh increases, the effect of the barrier begins to operate and thus the reflection coefficient R increases. But when the value of kh becomes large, it means that the wavelength is short, the effectiveness of the barrier decreases as the wave motion is now confined near the free surface. Similar observation can be found in graphs for the horizontal force, F, and the overturning moment, M, but the curves now decrease much slower after the turning points. Increase in porosity of the barrier, in general, reduces the reflection R, the horizontal force F, the overturning moment and the difference between the phase angles t and r . Figure 14 shows the variation of T and R vs the dimensionless water depth kh for a/hϭ0.25 and d/hϭ0.5. In this figure, it can be seen that this barrier is not good for both shallow and deepwater cases. The optimal performance occurs for the case of intermediate water depth. It should be noted that the R-curves drop when the water depth kh is greater than 2. This observation is similar to the results for a type II barrier in Fig. 10 . It is remarkable, as compared with the results of the type II barrier in Fig. 10 that for the same barrier length the effectiveness of a type II barrier is better than that of a type III barrier. In general, an increase in the porosity of the barrier can reduce the reflection coefficient R. Figure 15 shows how T and R vary with the dimensionless water depth kh with a/hϭ0.3 and d/hϭ0.4. The general shape of the curves is similar to that of a surface-piercing barrier given in Fig. 6 . When kh is smaller than 3, which means the wavelength of the incident waves is much larger than the water depth, most of the incident waves can pass through the barrier's slit and thus the transmission is high. But, when kh is large, most of the wave energy of the incident waves is now confined near the free surface, which is then obstructed by the upper portion of the barrier and reflected back. Therefore, the transmission is low. In general, increasing the porosity of a barrier can reduce the wave reflection. 
A totally-submerged barrier
A barrier with a single gap
B. Radiation problems
A surface-piercing wavemaker
The effectiveness of this type of wavemaker is examined by studying the variation of the amplitude to stroke ratios with respect to the dimensionless water depth, kh, for different values of the Chwang parameter, G 0 . Figure 16 shows how the amplitude to stroke ratios change with the water depth for the case of a piston-type porous wavemaker, which has been studied theoretically by Chwang. 20 The results shown are obtained by the present method as a limiting case, which is in good agreement with the theoretical solution.
From Figs. 17-19 , it can be seen clearly how the depth of submergence and the porosity of a type I wavemaker affect the performance of the corresponding wavemaker. It is remarkable to note that the behavior of the surface-piercing wavemaker with a/hϭ0.5 is just slightly poorer than that of the fully extended one. When kh is small, it means that the wavemaker is oscillating very slowly and thus the long waves are generated; whereas when kh is large, it means for the case of high frequency short waves. Not surprisingly, the amplitude to stroke ratios are reduced if we decrease the depth of submergence of the surface-piercing wavemaker. In physical terms, this can be easily explained by the fact that since the forcing plate is now smaller, it can only excite smaller amount of water. Moreover, it should be noted that all the curves with G 0 ϭ0 seem to converge to 2 when kh tends to infinity. This result suggests that the effectiveness to produce high frequency short waves with a surface-piercing wavemaker, whether it is slightly or deeply immersed, is generally good.
These figures also present how the Chwang parameter, G 0 , affects the variation of the amplitude to stroke ratios for different settings of surface-piercing wavemakers. In these figures, it can be observed that increasing the Chwang parameter, G 0 , results in smaller amplitude to stroke ratios. Not unexpectedly, larger G 0 means higher permeability and larger permeability will allow more fluid to pass through the barrier, which means that the forced oscillation of the wavemaker exert lesser force on the fluid and thus smaller amount of water gets excited. The general behavior of the curves in these three different cases, a/hϭ0.8, 0.5, 0.2 seems to be similar. All the curves for the impermeable wavemakers G 0 ϭ0 seem to converge to 2. While the curves for G 0 ϭ0.5 and G 0 ϭ1 seem to converge to 1 and 2/3, respectively which are the corresponding limiting values for the case of fully extended porous wavemakers. These results are equivalent to saying that the effectiveness of a surface-piercing porous wavemaker is as good as that of a fully extended porous wavemaker in producing high frequency short waves. Figure 20 illustrates the effect of the gap size of type II wavemakers on the variation of the amplitude to stroke ratios versus the dimensionless water depth, kh. It can be seen that the curves now behave differently from those in the previous cases for type I wavemakers. The curves now seem to converge to 0 when kh tends to infinity. It means that a bottomstanding wavemaker is not effective in producing high frequency surface waves, which is in contrast to type I surfacepiercing wavemakers. Moreover, it can be noted that a little increase in the gap length, as a/hϭ0 to 0.2, reduces sharply the performance of this type of wavemakers. When a/h ϭ0.5, the maximum amplitude to stoke ratio is now only about 0.4; whereas a surface-piercing wavemaker of the same length and same frequency can produce waves with amplitude to stroke ratio greater than 1.5. For even shorter bottom-standing wavemakers, a/hϭ0.8 or larger, the resulting amplitude to stroke ratios are extremely low, which has an order of only about 0.07. Physically, surface waves are disturbances on the free surface, an oscillating plate in the bottom of the channel produces oscillatory flow near the plate with decreasing amplitude in the vertical direction. As a result, only a little bit of disturbances on the free surface are produced and thus type II wavemakers are not effective in generating surface waves. Figure 20 also illustrates how the porosity of the plate affects the behavior of the variation of amplitude to stroke ratios vs the water depth. Not surprisingly, the porous effect in case of a/hϭ0.2 is higher than the other two case, a/h ϭ0.5, 0.8. The spacing between the G 0 ϭ0 and G 0 ϭ0.5 curves for the case a/hϭ0.2 is larger than that in the other two cases. This can easily be explained by the fact that the length of plate in the first case, a/hϭ0.2, is longer than that in the other two cases. This is equivalent to saying that more fluid is able to pass through the porous plate and thus the porous effect is larger.
A submerged bottom-standing wavemaker
A totally submerged wavemaker
In Fig. 21 , it is shown how the curves for the amplitude to stroke ratios vary as the water depth changes for different FIG Figure 21 also demonstrates the porous effect on the variation of amplitude to stroke ratios versus water depth for different settings of type III wavemakers. Consider the case when the positions of the plates are fixed at a/hϭ0.25, while the length of the plate is decreased from d/hϭ0.5 to d/h ϭ0.25. As discussed earlier, decreasing the length of the wavemaker has two effects, the first one is to reduce the amplitude to stroke ratios and the second one is to reduce the degree of the porous effect. These results can be observed in those curves for the two cases. The values for the curve G 0 ϭ0, a/hϭ0. 25 Consider another case when the length of the wavemaker is fixed at d/hϭ0.25, while the positions of the plates are changed from a/hϭ0.25 to a/hϭ0.5. Shifting the plate downwards seems also to have two effects, the first one is to reduce the amplitude to stroke ratios and the second one is to reduce the effectiveness in generating high frequency waves. These are shown by two observations in the curves for the corresponding two cases. The values for the curves for the case with a/hϭ0. 25 
IV. CONCLUSIONS
The problems of scattering and radiation of surface waves by several types of permeable vertical porous barriers FIG. 22 . ͑Continued.͒ are studied for finite water depth. The variation of certain useful parameters versus the dimensionless water depth has been obtained by applying the method of eigenfunction expansions and a suitable application of the least squares method. There is a strong relation between the scattering and radiation problems. Specifically, it is noted that for type-I barriers and type-I wavemakers the reflection coefficient and the amplitude-to-stroke ratio give the same limiting ratio as kh tends to infinity for different values of G 0 . For example, the reflection coefficient for G 0 ϭ0.5 is half of that for G 0 ϭ0 as kh approaches infinity ͑see Fig. 6͒ , and the amplitudeto-stroke ratio for G 0 ϭ0.5 is also half of that for G 0 ϭ0 as kh tends to infinity ͑see Fig. 18͒ . Therefore, it is possible to determine the porosity of a plate by measuring the amplitude-to-stroke ratio which is practically easier to obtain.
It should be noted that although only real values of the Chwang parameter G 0 have been considered in this paper, it is possible to use complex values of G 0 ͑see Yu 27 ͒. However, for a medium in which the resistance dominates the inertial effect, like the present study, the porous parameter G 0 becomes purely real.
Moreover, the solution obtained by the present method is a full solution. Many useful information can further be calculated from the solution, for example, the wave force, the wave moment and the velocity vector field as shown in Fig.  22 ͑in which the circle and dot represent the phase of the moving plate͒.
Based on the results obtained, a porous barrier can reduce the impinging hydrodynamic wave forces acting on it and, at the same time, maintain a reasonably good performance when it is used as a breakwater or wavemaker.
